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We study non-Markovian dynamics of a two level atom using pseudomode method. Because of
the memory effect of non-Markovian dynamics, the atom receives back information and excited
energy from the reservoir at a later time, which causes more complicated behaviors than Markovian
dynamics. With pseudomode method, non-Markovian dynamics of the atom can be mapped into
Markovian dynamics of the atom and pseudomode. We show that by using pseudomode method
and quantum jump approach for Markovian dynamics, we get a physically intuitive insight into the
memory effect of non-Markovian dynamics. It suggests a simple physical meaning of the memory
time of a non-Markovian reservoir.
I. INTRODUCTION
All realistic quantum systems are open quantum sys-
tem; the system interacts with reservoir systems which
cause decoherence and relaxation [1]. According to char-
acters of the interaction and the structure of the reser-
voirs, the dynamics of open quantum systems can be clas-
sified into Markovian dynamics with no memory effect
and non-Markovian one with memory effect.
In Markovian open system, the reservoir acts as a sink
for the system information; the information that the sys-
tem of interest loses into the reservoir does not play
any further role in the system dynamics. However, in
non-Markovian case, this lost information is temporarily
stored in the reservoir and comes back at a later time
to influence the system [2]. This is the memory effect of
non-Markovian dynamics and causes more complicated
behaviors than Markovian dynamics.
There are stochastic approach for Markovian dynamics
[3–8]; quantum jump, Monte Carlo wave function and
quantum trajectory. In these methods, the dissipation
caused by the interaction with the reservoir is interpreted
as an incoherent jump between two states and the state
of the system is described by the sum of the ensembles
which are identified by the jump times. Therefore, we
can get the intuitive understanding of the dynamics.
Recently, non-Markovian dynamics has been investi-
gated [9–11]. In these papers, non-Markovianity of quan-
tum processes is discussed. The measures for the degree
of non-Markovianity are based on the distinguishability
of quantum states, which focuses on the dynamics of
the system of interest. In this paper, we use pseudo-
mode method [12–17]. With pseudomode method, non-
Markovian dynamics of the system of interest can be
mapped into Markovian dynamics of a combined system
of the system of interest and pseudomode. Therefore, the
dynamics of the extended system can be discussed. Non-
Markovian quantum jump has been also investigated [18–
20]. Because of the memory effect and back flow from the
reservoir into the system, the description is more com-
plicated than Markovian case and pure state quantum
trajectories for general non-Markovian systems do not
exist [21]. By connecting this method and pseudomode
method, we get a simple intuitive physical picture of the
memory of a non-Markovian reservoir and of how such
memory allows to partly restore some of the coherence
lost to the environment [15]. This result also suggests
that pseudomode could be seen as an effective descrip-
tion of the reservoir memory.
The purpose of this paper is to get a more physi-
cally intuitive insight into the memory effect of non-
Markovian dynamics. For this purpose, we use pseudo-
mode method and quantum jump approach. With pseu-
domode method, non-Markovian dynamics of the system
is described by Markovian dynamics of a combined sys-
tem, so that we can apply quantum jump approach for
Markovian dynamics to the combined system. The result
gives us a simple physical meaning of the memory time
of a non-Markovian reservoir.
The paper is organized as follows. In Sec. II, we persent
the model discussed in the paper. In Sec. III, the prop-
erty of the model we have presented in Sec. II is evaluated
using quantum jump approach for Markovian dynamics
and, in Sec. IV, we study the dynamics of the damped
Jaynes Cummings model, which is a typical example of
non-Markovian system. Finally, we conclude the paper
in Sec. V.
II. MODEL
Non-Markovian systems appear in many branches of
physics. Here we consider a two level atom interacting
with a structured electromagnetic reservoir which is de-
scribed by the Jaynes-Cummings model with rotating ap-
2proximation [1]. The Hamiltonian for the total system is
H =
~ω0
2
σz +
∑
k
~ωkb
†
kbk +
∑
k
~gk
(
σ+bk + σ−b
†
k
)
,
(1)
where σz = |e〉〈e|− |g〉〈g|, σ+ = (σ−)† = |e〉〈g|, b†k and bk
are the bosonic creation and annihilation operators for
the reservoir mode k with frequency ωk ≥ 0 and gk is the
coupling between the two level atom and the reservoir
mode k in the reservoir. |e〉 and |g〉 are excited and the
ground states of the two level atom, respectively. Total
excitation number is a conserved quantity in this model.
Let the atom be in an arbitrary superposition and the
reservoir be in vacuum state at t = 0, therefore the initial
state is given by
|Ψ(0)〉 = (α|e〉 + β|g〉)⊗ |0〉, (2)
where |0〉 denotes the vacuum state of the reservoir, and α
and β satisfy the normalization condition |α|2+ |β|2 = 1.
In the interaction picture, the total state at t ≥ 0 can be
expanded as
|Ψ(t)〉I = α
(
a0(t)|e, 0〉+
∑
k
ak(t)|g, 1k〉
)
+ β|g, 0〉.
(3)
where |1k〉 = b†k|0〉 and the coefficient of |g, 0〉 is indepen-
dent of time. Inserting this state into Schro¨dinger equa-
tion, we get the integro-differential equation for atomic
amplitude a0(t),
d
dt
a0(t) = −
∫ t
0
dt′f(t− t′)a0(t′), (4)
where f(t) ≡∑k g2ke−i(ωk−ω0)t is a correlation function.
Here we assume that the coupling gk depends only on
the frequency ωk. In a continuous distribution limit, the
sum on the reservoir mode k is replaced by an integral
by ω as follows,
∑
k
g2k ≃
∫ ∞
−∞
dωρ(ω)g2(ω) =
1
2pi
∫ ∞
−∞
dωD(ω), (5)
where ρ(ω) is the density of states of the reservoir. The
structure of the reservoir is characterized by the positive
definite function D(ω). Because we have extended the
integral to −∞, this function should be vanished in the
negative ω region. With these equations, the correlation
function becomes
f(t) =
1
2pi
∫ ∞
−∞
dωD(ω)e−i(ω−ω0)t. (6)
If the reservoir has no structure, D(ω) does not depend
on ω. In this case, the correlation function is proportional
to the delta function, so that the dynamics of the system
FIG. 1. Diagrammatic representation of the combined system
dynamics. The system interacts with pseudomodes which
leaks into the Markovian reservoir. The interaction be-
tween the system and pseudomodes is effectively described
by HSP .and the leak rate form pseudomode l into the Marko-
vian reservoir is given by 2λl.
is Markovian dynamics. In the following, we restrict that
D(ω) can be approximated by a sum of Lorentz functions.
This is not the necessary condition for using pseudomode
method but an assumption for simplicity. We set the
explicit form of D(ω) as
D(ω) ≃
L∑
l=1
γlλ
2
l
(ω − ωl)2 + λ2l
, (7)
where γl is the coupling strength and λ
−1
l is the reser-
voir’s correlation time. Since D(ω) is vanished in the
negative ω region, the resonant frequency ωl should be
much lager than the width λl.
From the residue theorem and t − t′ ≥ 0, only the
poles in the lower half plane have contribution for the
dynamics of a0(t). So we define that λl is positive for
any l. Since D(ω) should be non-negative for any ω, we
consider γl > 0 for any l, which is also not the necessary
condition but an assumption for simplicity. Integral of
Lorentz function is∫ ∞
−∞
dω
λ2l
(ω − ωl)2 + λ2l
= piλl. (8)
Using this assumption, we get the integro-differential
equation
d
dt
a0(t) = −
L∑
l=1
γlλl
2
∫ t
0
dt′e−i∆l(t−t
′)e−λl(t−t
′)a0(t
′),
(9)
where ∆l = ωl−ω0. From this equation, we can see that
the parameter λl represents how long past state affects
the present dynamics. If there exists finite λl, the present
dynamics depends on the past dynamics. Therefore, the
system interacts with non-Markovian reservoir and its
non-Markovianity is characterized by λl.
With the pseudomode method [12, 13], the dynamics
of this system can be mapped into Markovian dynam-
ics of a combined system of the two level system and
3L pseudomodes system. For the present model, pseudo-
mode method leads to the following Markovian master
equation
d
dt
ρISP (t) =
1
i~
[
HSP , ρ
I
SP (t)
]
+
L∑
l=1
2λlD[cl]ρISP (t),
(10)
where ρISP (t) is the density operator of the combined
system, D[·] is a superoperator
D[A]ρ = AρA† − 1
2
(
A†Aρ− ρA†A) , (11)
which describes the dissipation and HSP is a combined
system Hamiltonian
HSP =
L∑
l=1
~∆lc
†
l cl +
L∑
l=1
~
√
γlλl
2
(
σ+cl + σ−c
†
l
)
, (12)
where c†l and cl are the creation and annihilation oper-
ators for the pseudomode labeled by l. From the defi-
nition of the pseudomdoes, the initial state of the pseu-
domodes is the vacuum (see Refs. [12, 13] for details).
From Eq. (10), we can see that the system coherently
interacts with pseudomodes and each pseudomode dissi-
patively interacts with a Markovian reservoir (FIG. 1).
The information contained in the atom first flows to pseu-
domodes and then from each pseudomode to its reservoir.
The flow from each pseudomode to its reservoir is one-
way, but the flow between the atom and pseudomodes
is two-way. In non-Markovian dynamics, the atom re-
cieves back information and excitation energy from the
reservoir due to memory effect. Therefore pseudomodes
could be seen as an effective description of the reservoir
memory [15].
To get the state of the system, we should trace out the
pseudomodes,
ρIS(t) = TrP ρ
I
SP (t). (13)
III. STOCHASTIC APPROACH
With the pseudomode method, the dynamics of this
system is effectively described by the Markovian master
equation. So we can use stochastic approach for Marko-
vian dynamics. Here we define a non-Hermitian Hamil-
tonian,
HIeff = HSP − i
L∑
l=1
~λlc
†
l cl. (14)
In this Hamiltonian, non-Hermitian term represents dis-
sipation into the Marovian resevoir. Using Eq. (14), we
can rewrite Eq. (10) as,
d
dt
ρISP (t) =
1
i~
[
HIeffρ
I
SP (t)− ρISP (t)(HIeff)†
]
+
L∑
l=1
2λlclρ
I
SP (t)c
†
l . (15)
The first term of the right-hand side represents the con-
tinuous dynamics governed by the non-Hermitian Hamil-
tonian HIeff . The second term represents jump process
which is the loss of an excitation energy from pseudo-
modes.
Using an unnormalized state vector |Ψ˜(t)〉 which sat-
isfies Schro¨dinger equation,
i~
d
dt
|Ψ˜(t)〉 = HIeff |Ψ˜(t)〉, (16)
we can divide ρISP (t) into two terms as follows,
ρISP (t) = |Ψ˜(t)〉〈Ψ˜(t)|+Πp(t)|g, 0P 〉〈g, 0P |, (17)
where |0P 〉 is the vacuum state of pseudomodes. The
trace of ρISP (t) is conserved to 1, so that the coeffi-
cient of the second term Πp(t) is defined by Πp(t) =
1 − 〈Ψ˜(t)|Ψ˜(t)〉 of time. Because λl is defined as posi-
tive, the inner product of |Ψ˜(t)〉 is a monotonic decreas-
ing function of time and Πp(t) is a monotonic increasing
function.
From the quantum trajectory approach [5], the un-
normalized state vector |Ψ˜(t)〉 is a trajectory under no
jumps. Since the system is two level atom and the initial
state of the reservoir is vacuum, the jumped part (= the
second term of Eq. (17)) is the ground state. The state
of the two level atom is given by
ρIS(t) = TrP |Ψ˜(t)〉〈Ψ˜(t)|+Πp(t)|g〉〈g|. (18)
The probability that there is no jump until time t (=
the survival probability) is given by the inner product of
|Ψ˜(t)〉,
P0(t) = 〈Ψ˜(t)|Ψ˜(t)〉. (19)
Because we can regard the pseudomodes as memory part
of the reservoir [15], the survival probability P0(t) can
be regarded as the probability that the system interacts
with its reservoir coherently until time t. The jump rate
to the ground state of the combined system, which is
given by the damp rate of P0(t), represents a memory
loss rate. So the probability density of jump is given by
p(t) = − d
dt
P0(t). (20)
This probability density represents the information flux
from pseudomode into Markovian reservoir. For the par-
ticular model, the relationship between the oscillation of
p(t) and the measure of non-Markovianity had been dis-
cussed [16].
4Since the initial state of the atom is |ψ(0)〉 = α|e〉 +
β|g〉, the state of the combined system can be expanded
as
|Ψ˜(t)〉 = α(a0(t)|e, 0P 〉+
L∑
l=1
ql(t)|g, 1l〉) + β|g, 0P 〉,
(21)
where |1l〉 = c†l |0P 〉, a0(0) = 1 and ql(0) = 0. This a0(t)
is the same as the amplitude a0(t) in Eq. (9). Using
Eq. (21), the survival probability P0(t) and the probabil-
ity density p(t) are given by
P0(t) = |α|2
(
|a0(t)|2 +
L∑
l=1
|ql(t)|2
)
+ |β|2, (22)
p(t) =
L∑
l=1
2λl|αql(t)|2. (23)
The probability density p(t) is the 2λl|αql(t)|2 represents
the energy flow from pseudomode l to its reservoir.
If the jump to the ground state occurs during the mea-
surement time T , the expectation value of the jump time
is given by
〈t〉T =
∫ T
0
tp(t)dt∫ T
0
p(t)dt
, (24)
and we define the expectation value 〈t〉 as the long mea-
surement time limit of 〈t〉T ,
〈t〉 ≡ lim
T→∞
〈t〉T
=
∫ ∞
0
(|a0(t)|2 +
L∑
l=1
|ql(t)|2)dt. (25)
Moreover we define that
〈tS〉 =
∫ ∞
0
|a0(t)|2dt, (26)
〈tl〉 =
∫ ∞
0
|ql(t)|2dt, (27)
and then we get 〈t〉 = 〈tS〉+
∑
l 〈tl〉, where 〈tS〉 is the ex-
pected time length that the two level system is in the ex-
cited state |e〉 and 〈tl〉 is one that a pseudomode l is in the
excited state |1l〉. Since we can regard the pseudmodes as
the degree of freedom of the reservoir that interact with
the system of interest coherently [15],
∑
l 〈tl〉 can be re-
garded as the expectation value of memory time of the
non-Markovian reservoir and reflects non-Markovianity
of the system dynamics.
We consider the Markovian limit (λl → ∞). When
λl ≫ ∆l, γl, the unnormalized state vector is approxi-
mated as
|Ψ˜(t)〉 ≃
(
αe−
1
2
∑
l
γlt|e〉+ β|g〉
)
|0P 〉. (28)
Therefore, we can see that ql(t) = 0 for any t > 0 and
〈tl〉 = 0 in the Markovian limit . Because time t is pos-
itive, 〈tl〉 = 0 means that there is no time that pseudo-
modes are in their excited states. The Markovian limit
is the limit the reservoir has no memory. This is con-
sistent and intuitive with the result we have got here;
pseudomodes are vanished and
∑
l 〈tl〉 converges to 0 in
the Markovian limit, so that pseudomode is a memory
part of the reservoir and
∑
l 〈tl〉 is an expectation value
of memory time of the reservoir. This result also suggests
the following criterion.
• When ∑l〈tl〉 = 0, its dynamics is Markovian.
• When ∑l〈tl〉 6= 0, its dynamics is non-Markovian.
IV. DAMPED JAYNES-CUMMINGS MODEL
In this section, we discuss the dynamics of a two level
atom in a lossy cavity [1]. The reservoir is electromag-
netic field inside and outside the cavity and its density of
state has a peak at the cavity resonant frequency. There-
fore, we can assume that the structure is a single Lorentz
function,
D(ω) =
γλ2
(ω − ωc)2 + λ2 , (29)
where ωc is the resonant frequency of the cavity. This
is called the damped Jaynes-Cummings model, which is
a typical example of non-Markovian system and L = 1
case of what we have discussed. Therefore, we can use
pseudomode method and the result we have got. The
effective Hamiltonian HIeff is
HIeff = HSP − i~λc†pcp
= ~ (∆− iλ) c†pcp + ~
√
γλ
2
(
σ+cp + σ−c†p
)
, (30)
and the unnormalized state |Ψ˜(t)〉 is
|Ψ˜(t)〉 = α(a0(t)|e, 0P 〉+ q(t)|g, 1P 〉) + β|g, 0P 〉, (31)
where ∆ = ωc−ω0 is the detuning between the two level
system and the pseudomode, c†p and cp are creation and
annihilation operators for the pseudomode and |1P 〉 =
c†p|0P 〉.
Inserting the effective Hamiltonian HIeff and the un-
normalized state |Ψ˜(t)〉 into Schro¨dinger equation, we get
two simultaneous differential equations,

i
d
dt
a0(t) =
√
γλ
2
q(t)
i
d
dt
q(t) = (−iλ+∆)q(t) +
√
γλ
2
a0(t).
(32)
5FIG. 2. (Color online) Population and probability density. The initial condition is exited state (α = 1, β = 0). The parameters
are γ = 1, λ = 0.2 and ∆ = 0.5. With these parameters, 〈tS〉 = 9.8 and 〈tP 〉 = 2.5. (a) Populations |a0(t)|
2 (blue solid), |q(t)|2
(yellow dashed) and Πp(t) (green large dashed). Because of the definition, these populations satisfy |a0|
2 + |q(t)|2 +Πp(t) = 1.
(b) Probability density p(t) (blue solid). Yellow and green dashed lines are the plots in which we replace oscillation term with
±1.
Eigenvalues of these equations are
−(λ+ i∆)±
√
(λ+ i∆)2 − 2γλ
2
. (33)
Under the initial condition, a0(0) = 1 and q(0) = 0, the
solution is

a0(t) = e
−λ
2
te−i
∆
2
t
[
cosh
(
dt
2
)
+
λ+ i∆
d
sinh
(
dt
2
)]
,
q(t) = −i
√
2γλ
d
e−
λ
2
te−i
∆
2
t sinh
(
dt
2
)
,
(34)
where we define d =
√
(λ+ i∆)2 − 2γλ. As a result, we
get the probability density,
p(t) =2λ|αq(t)|2
=
2|α|2γλ2
|d|2 e
−λt (cosh(Re[d]t)− (cos(Im[d]t)) . (35)
FIG. 2(a) shows the dynamics of the populations as
a function of time. In FIG. 2(a), |a0(t)|2 and |q(t)|2
oscillate and Πp(t) monotonically increases. The cor-
related oscillations of |a0(t)|2 and |q(t)|2 are caused by
non-Markovianity. There is no energy flow from Marko-
vian reservoir into the combined system, so that Πp(t)
monotonically increases. FIG. 2(b) shows the dynamics
of the probability density of jump as a function of time.
From FIG. 2(b), we can see that p(t) is positive except
for t = 0 and t → ∞, because coshx > 1 for ∀x > 0.
When there is no detuning ∆ = 0, d =
√
λ2 − 2γλ, so
that d is real or pure imaginary. When 2γ < λ, d is real
so that p(t) 6= 0 for t > 0. On the other hand, when
λ < 2γ, d is pure imaginary so that
p(t) =
2|α|2γλ
2γ − λ e
−λt
(
1− cos
(√
2γλ− λ2t
))
. (36)
Therefore when the time satisfies t = 2pin(2γ − λ)− 12 for
n ∈ {0,N}, the pribability density p(t) is 0.
Here the structure of the reservoir is a single Lorentz
function so that there is only a single pseudomode and
the expectation value of jump time is given by
〈t〉 = 〈tS〉+ 〈tP 〉 , (37)
〈tS〉 =
∫ ∞
0
|a0(t)|2dt, (38)
〈tP 〉 =
∫ ∞
0
|q(t)|2dt. (39)
Using the result we calculated above, we get

〈tS〉 = 1
γ
(
1 +
(
∆
λ
)2)
+
1
2λ
〈tP 〉 = 1
2λ
.
(40)
As noted at Eq. (9), non-Markovianity is character-
ized by λ. The decrease of λ means an increase of the
reservoir correlation time, hence the non-Markovianity
becomes stronger. In Eq. (40), the expectation values
〈tS〉 and 〈tP 〉 are monotonically decreasing functions for
λ. Therefore, the result shows that non-Markovianity
of the system dynamics is reflected to the delay of the
expectation value of the jump time 〈t〉.
From Eq. (40), we see that 〈tS〉 depends on the detun-
ing ∆ and 〈tP 〉 do not depend on it. This can be under-
stood as follows. In the detuned Rabi oscillation, the os-
cillating amplitude is smaller than unity, which depends
on the value of the detuning. The damp rate of the sys-
tem excited state population and the maximum value of
the pseudomode excited state population are suppressed
by increasing the detuning, which are shown in FIG. 3.
Therefore, the damp of P (t) is slower than resonance case
and the expected time length that the atom is in the ex-
ited state increases as the detuning increases. However,
6FIG. 3. (Color online) (a) The system excited state population |a0(t)|
2 and (b) Pseudomode excited state population |ap(t)|
2
with some detuning values; Blue solid: ∆ = 0.5, Yellow dashed: ∆ = 0 and Green dotted: ∆ = 1. The other parameters are
same (γ = 1, λ = 0.2). (a) The larger detuning makes the damping more slowly. (b) When the detuning ∆ increases, the
maximum value of |q(t)|2 decreases and the excited state population increases in the later time (see the inset).
the leak rate from the pseudomode into the Markovian
reservoir is 2λ, which does not depend on the detuning.
This is the reason why the expected time length the pseu-
domode is in the exited state is the invariant value for the
detuning. As shown in FIG. 3(b), instead of the suppres-
sion of the maximum value, the population in the later
time increases.
We also calculate the generating function
χ(ω) ≡
∫ ∞
0
p(t)eiωtdt. (41)
Using Eq. (34), we get explicit form of the generation
function
χ(ω) =
2γλ2(λ− iω)
(λ− iω)4 − (λ2 −∆2 − 2γλ)(λ− iω)2 − (∆λ)2 .
(42)
From this function, we can get the expectation value
〈t〉 = d lnχ(ω)
d(iω)
∣∣∣∣
ω=0
=
1
γ
(
1 +
(
∆
λ
)2)
+
1
λ
, (43)
and the variance
〈(δt)2〉 = d
2 lnχ(ω)
d(iω)2
∣∣∣∣
ω=0
=
1
γ2
(
1 +
(
∆
λ
)2)2
− 1
γλ
(
1− 3
(
∆
λ
)2)
+
1
λ2
.
(44)
In order to understand the relationship between these
values, we define the function
Λ〈t〉 ≡
〈(δt)2〉 − (〈t〉)2
(〈t〉)2
=− (3λ
2 −∆2)γλ
(λ2 + γλ+∆2)2
. (45)
This function can be divided into 3 cases as follows
Λ〈t〉 =


> 0 · · · √3λ < |∆|
= 0 · · · √3λ = |∆|
< 0 · · · √3λ > |∆|
(46)
The sign of Λ〈t〉 changes at λ0 = |∆|/
√
3. In the Marko-
vian limit (λ → ∞), the expectation value and the vari-
ance converge to 〈t〉 → γ−1 and 〈(δt)2〉 → γ−2, respec-
tivelity. Thus Λ〈t〉 converges to 0 in the Markovian limit.
Because the correlation time λ−10 =
√
3/|∆| is small for
large detunig |∆|, the function Λ〈t〉 is positive for rela-
tively large λ for large detuning. When it is negative, the
variance is relatively smaller than one of Markovian dy-
namics. 〈t〉 is the expected time length that the system
and the reservoir can interact with each other coherently.
Therefore, negative Λ〈t〉 means that the memory is lost at
more definite time compared with Markovian dynamics.
V. CONCLUTIONS
We have studied the non-Markovian dynamics of a two
level atom, using pseudomode method and the stochastic
approach for Markovian dynamics. In this paper, we have
assumed that the structure of the reservoir is given by a
sum of Lorentz functions. With pseudomode method,
the non-Markovian dynamics of a two level atom can be
mapped to Markovian dynamics of a combined system of
the system and pseudomodes whose number is the same
as that of the Lorentz functions.
7The expectation value of jump time to the ground state
of the combined system is given by the sum of the ex-
pected time length that the two level system is in the
exited state and one that each pseudomode is in its ex-
cited state. The later time length represents the memory
time of a non-Markovian reservoir. In the Markovian
limit, we get the result that the probability that pseudo-
modes are in their exited states is 0. Then the expected
time length that pseudomodes in their excited state also
converges to 0.
In particular, we have discussed the damped Jaynes-
Cummings model, which is a model of a two level atom
in a lossy cavity. This is analytically solvable so that we
can get an exact solution of the dynamics and the expec-
tation values, explicitly. As a result, we have found that
the expected time length that the system and the pseu-
domode are in their excited state took the value reflecting
non-Markovianity.
Since Markovian approximation is the approximation
that the reservoir has no memory, we can say that our re-
sult suggest the pseudomode is the degree of the freedom
characterizing the memory of the reservoir.
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